We study the holographic dual of a two parameter family of quantities known as the α-z divergences. Many familiar information theoretic quantities occur within this family, including the relative entropy, fidelity, and collision relative entropy. We find explicit bulk expressions for the boundary divergences to second order in a state perturbation whenever α is an integer and z ≥ 0, as well as when z ∈ {0, ∞} and α ∈ R. Our results apply for perturbations around an arbitrary background state and in any dimension, under the assumption of the equality of bulk and boundary modular flows.
Introduction
The understanding of the AdS/CFT correspondence [2] has been deepened by the study of information theoretic quantities in conformal field theory. Most famously, the von Neumann entropy of a CFT subregion calculates the area of a minimal surface in AdS according to the Ryu-Takayanagi formula [3] or covariantly the HRRT formula [4] . Other information theoretic quantities that have been studied in the context of AdS/CFT include the relative entropy [5] , fidelity [6] , entanglement of purification [7, 8] and complexity [9, 10] .
The relative entropy and fidelity, as well as a number of other information theoretic quantities, occur as special cases of the α-z divergences [11] . The α-z divergences are defined on two density matrices ρ, σ according to
Umegaki relative entropy S(ρ||σ)
Renyi entropy S α (ρ)
von Neumann entropy S(ρ) log fidelity −2 log F (ρ, σ) collision entropy D 2,2 (ρ||σ)
Figure 1: Some members of the entropy zoo and their relations. The α-z divergences contain as special cases many common quantities appearing in quantum information theory. This figure is a simplified version of one produced by Faist [1] . Blue arrows indicate a choice of the parameters α, z has been made, red arrows that the reference state has been set to the identity matrix.
The parameter ranges are restricted to z ≥ |α − 1| and α ≥ 0. Taking α = z recovers the sandwiched relative entropies [12] , while setting z = 1 gives the Petz relative entropies [13] .
We give an outline of the so called "entropy zoo" in figure 1, which portrays the relationships among the most commonly used information measures 1 .
It is currently unclear which information theoretic quantities should correspond to interesting gravitational observables. One goal of the present work is to systematically search for such quantities. Towards this, we study the α-z divergences leaving the choice of parameter values arbitrary. This allows us to address in one calculation a wide range of information theoretic quantities. Our calculation studies the α-z divergences perturbatively around a reference state. Considering ρ a perturbation around σ, the first order term in D α,z (ρ||σ) always vanishes. Consequently we study the second order term, which we label by χ α,z and refer to as the α-z susceptibilities.
Throughout this work we make use of modular frequency space [14] . In modular frequency space an operator O is expressed in terms of its modular frequency modes, which are defined using a density matrix σ according tô
We find that the perturbative expansion of the α-z divergences simplifies when expressed in terms of the modular frequency modes of the state perturbation. This simplification, along with the equality of bulk and boundary modular flows [15] and the AdS/CFT extrapolate dictionary [16, 17] allow us to find bulk duals of the susceptibilities in a simple way. Our main result is an explicit bulk expression for the α-z susceptibilities whenever α = n is an integer. The bulk dual of the susceptibilities is expressed in terms of the modular frequency modes of the bulk fields and of their canonically conjugate momentum. Considering the case of a single bulk real scalar field Φ with conjugate momentum Π, we find that the susceptibility is
where Σ is a spacelike slice of the entanglement wedge and the kernel F n,z (ω)/n ω is a function we have determined explicitly. This expression is true for perturbations around an arbitrary background and in arbitrary dimensions. Taking the background to be the vacuum and setting n = 1 we recover the bulk canonical energy, as established in earlier work [5, 18] . The sandwiched relative entropies have been studied in the context of conformal field theory [19] . It was found that the sandwiched relative entropy for α = n an integer could be expressed as a 2n point function. Here we work perturbatively around a reference state and find that the second order term in the sandwiched relative entropy can be expressed as an integral over two point functions, for any n. Other related work includes [20] , which used holographic techniques to study the Petz relative entropies in conformal field theory. This paper is organized as follows. In section 2 we define the α-z divergences and state some inequalities they are known to satisfy. In section 3 we introduce the holographic setting we work in. Section 3.1 defines the class of states we work with, while section 3.2 reviews some needed details about modular flow and the relation between bulk and boundary flows. In section 4 we derive bulk expressions for the α-z susceptibilities. As a check on our work section 5 uses this result to reproduce some known properties of the boundary susceptibilities starting from our bulk expressions.
2 The α-z divergences
Definition of divergence and some properties
A divergence is defined as a function from two density matrices to the real numbers, D(ρ||σ), which satisfies the following axioms:
Generalized mean value:
There exists a continuous and strictly increasing function g(x) defined for all x ∈ R such that
6. Continuity: For ρ = 0 and supp ρ ⊆ supp σ, D α,z (ρ||σ) is continuous in ρ, σ ≥ 0.
In the classical setting the divergence of two probability distributions has an intuitive meaning. D(P ||Q) is the amount of information contained in an event E about the variable X, where P (X) = Q(X|E) [21] . The above axioms formalize this intuition by specifying properties such a measure of information should have.
In the classical case the full set of all quantities satisfying these axioms is known [21] . They are the Renyi divergences or Renyi relative entropies,
In the quantum case there are more divergences, owing to the non-commutativity of density matrices. In fact the full set of quantum divergences is not known. All of the known quantum divergences are included in the α-z divergences [11] . These are defined according to 2) which are divergences in the sense of satisfying the axioms above whenever z ≥ |α − 1| and α ≥ 0. Two particular cases of the α-z divergences are well studied in the quantum information literature. The sandwiched Renyi relative entropies [12] correspond to taking z = α, while the Petz relative entropies [13] correspond to taking z = 1. For simplicity, we will refer to these as the α-α divergences and α-1 divergences, respectively. The α-α and α-1 divergences reduce to the Umegaki relative entropy when α → 1. Umegaki's relative entropy is
A familiar object occurs in the α-z divergences for α = z = 1/2,
where F (ρ, σ) is the fidelity [22] . The α = z = 2 case is known as the collision relative entropy,
This was introduced in [23] , where it was used to study the security of quantum key distribution.
As a check on our later results we will prove two known properties of the α-z susceptibilities starting from their bulk expressions. These two properties are given as the following theorems:
Theorem 2 The function α → D α,1 (ρ||σ) is monotone increasing in α.
Although the α-z divergences satisfy a number of interesting constraints [11, 24] , these are the only two we will explore in this work.
The α-z divergences in perturbation theory
We will study the α-z divergences D α,z (ρ||σ) for ρ close to a reference state σ. Consider a one parameter family of density matrices,
and expand the divergences according to
The α-z divergences are zero if and only if ρ = σ and are always positive, which implies that the zeroth and first order terms vanish. This leaves the second order term as the leading term. We define 8) and call this the α-z susceptibility.
To study the susceptibility we recall the definition of the α-z divergence given as equation 2.2. In Appendix A, we discuss how to take derivatives of the combination of powers of density matrices that appears there by using some matrix identities. The result is that
The matrix elements of the perturbation δ 1 ρ are in the eigenbasis of σ; that is δ 1 ρ ab = σ a |δ 1 ρ|σ b with σ|σ a = σ a |σ a . Starting with 2.9, we'd like to express the susceptibility in terms of the operators σ and δ 1 ρ. Define
and use this to rewrite χ α,z as
where we should remember that x depends on σ a , σ b . Next, we split δ 1 ρ in a sum over modes in a way that will let us recognize 2.11 as a trace. In particular choose
These modular frequency modes of the operator δ 1 ρ satisfy the completeness relation,
Notice that, as a consequence of definition 2.12,
Now we replace δ 1 ρ ba in 2.11 with the integral over modular frequency modes. We can then interchange the order of the integrals over eigenvalues and integral over modes, and use that δ 1 ρ −ω contains the delta function δ(ω − x) to replace x everywhere with ω. We are left with 15) where the function F α,z (ω) can be read from 2.11,
The double integral over eigenvalues is now recognized as a trace, 17) so that the susceptibilities are expressed in terms of the operators σ, δ 1 ρ. Alternatively, from definition 2.12 of the modular frequency modes we can express this in the modular time domain,
whereF α,z (s) is the Fourier transform of F α,z (ω).
To find a bulk expression for these susceptibilities we will want to write them in terms of a time-ordered two point function (this is explained in detail at the end of section 3.1). For this we need an alternative expression for χ α,z . In particular we need that 19) which in the modular time domain reads
Although expression 2.18 is always true, for 2.18 to be equal to 2.20 we needF α,z (s) to be even 4 . In Appendix B we establish that this is true for α ∈ N and z ≥ 0, and for α ∈ R and z ∈ {0, ∞}. However, we show in section 4.3 that χ α,0 = 0, while at z = ∞, we find χ α,∞ is proportional to χ 1,1 so that this case is already included in the integer α case. For this reason we focus on the case of integer α in what follows. Summarizing, we have
for n ∈ N, where
These expressions do not make use of holography or quantum field theory; 2.21 and 2.22 are statements only about the α-z divergences.
3 The holographic setting
Perturbations around path integral states
In the context of Lorentzian AdS d+1 /CFT d , we focus on a particular class of CFT states that are conveniently described using the Euclidean path integral [25] . For these states, we will find that the n-z susceptibilities can be written in terms of two point functions of the operators that were inserted into the path integral. We are interested in these particular states because they are understood to be dual to coherent bulk states associated with smooth geometries and field configurations [26] [27] [28] . Previous work involving excited states of this class concerns the emergence of bulk dynamics out of CFT entanglement thermodynamics [18, 29] .
Recall that the vacuum state at time x 0 E = 0 is described by the Euclidean path integral,
We can prepare another state in the CFT by turning on sources λ i for operators O i in the CFT path integral,
We will simplify our notation by writing
In order to prepare a state in the original CFT rather than one deformed by the operators O i we require that λ(x 0 E = 0, x) = 0. We can attach a Lorentzian path integral at x 0 E = 0 to implement time evolution,
The functional integration Dφ E is over the field on the Euclidean manifold, Dφ L is over the Lorentzian manifold, and Dφ is the integration over the field configuration at their interface. The full path integral that prepares a state at some Lorentzian time is shown pictorially in figure 2a.
We will be interested in the state on a subregion R of the CFT. The state on a subregion is expressed in terms of the reduced density matrix σ R , which can also be computed in terms of a path integral. Divide the fields φ into a part on R and a part on the complement R c so that the full field configuration is specified by (φ, φ c ). Then the reduced density matrix is
We illustrate this path integral in figure 2b. We will be interested in perturbing the density matrix σ R . Working around a background defined by the sources λ, we add some additional deformation λO to the Euclidean action so that the new density matrix is Expanding the first and last exponentials to first order we find the perturbed density matrix is related to the old one by
This identifies
as the first order state perturbation, where we have defined x = (x 0 E , x). It is also useful to combine expression 3.8 for the perturbation to a path integral state with the modular frequency transformation 2.12,
This gives the modes of the state perturbation in terms of the modes of the operator insertions.
We're now ready to write the susceptibilities in terms of two point functions. Recall equation 2.21,
This gives the n-z susceptibilities in terms of the state perturbation δ 1 ρ and its modes δ 1 ρ −ω . We now use 3.8 and 3.9 to write δ 1 ρ, δ 1 ρ ω in terms of the operator O and its modes O −ω . However, we need to do this carefully to enforce time ordering. Use the first equality in 2.21 when
While when x 0 E > y 0 E use the second equality in 2.21,
Taking these together we have
Our goal in the following sections is to re-express this CFT object in terms of bulk data. Before we can do so however we will need a few details regarding modular flow.
Modular flow, free fields, and the modular extrapolate dictionary
From 3.12 we see that the α-z susceptibilities are conveniently expressed in terms of the modular frequency modes of the perturbing operators. Given this, it useful to recall a few facts about modular flow. The main goal of this section will be to obtain a bulk expression for the modular frequency mode O −ω . Our summary here borrows from [14] , where some of the techniques we use were introduced. Given a region in space R and a state on R specified by a density matrix σ R , there is a natural automorphism on the algebra of operators in R given by
This operation is known as modular flow. The parameter s is called modular time. In certain simple situations modular flow is geometric. For example in Rindler space, modular flow using the vacuum density matrix corresponds to Rindler time evolution. It is useful to define the modular Hamiltonian according to 14) so that modular flow is Hamiltonian evolution with the modular Hamiltonian. Recently it has been argued that, in the AdS/CFT correspondence, the modular Hamiltonian for a CFT region R is related in a simple way to the modular Hamiltonian of the corresponding entanglement wedge W [15] . In particular,
which needs to be understood inside of expectation values, for instance we get that
The operatorÂ measures the area of the RT surface. Importantly,Â commutes with all the operators supported inside the entanglement wedge. This has been used to establish the equality of bulk and boundary relative entropy for pairs of states that share an area operator. We point out an extension of this result to the α-z divergences in Appendix C. This has also been used to establish the equality of bulk and boundary modular flows,
which again needs to be understood inside of expectation values, and where on the left we consider O as a boundary operator and on the right as the same operator represented in the bulk. The modular frequency modes, already introduced above, are defined by the Fourier transform,
The correlator (O 1 ) s O 2 is analytic in the strip 0 < Im(s) < 2π. From this fact we can derive the KMS condition,
In the frequency domain the KMS condition allows us to prove that
which we will find useful in that it relates expectation values to commutators. We will work mainly in terms of a bulk scalar field, although we also show in section 4.2 how to generalize our derivation to the spin 2 case. We will be interested in the configuration of this bulk scalar field on a spacelike slice Σ of the entanglement wedge. Our set-up is shown in figure 3 . For our bulk scalar, we work around some background field configuration that we label Φ ref (X). The bulk field perturbation we call Φ(X). Working at leading order in 1/N , we treat this perturbation as a free field. The scalar field operatorΦ is related to Φ ref (X) and Φ(X) according to Similarly we introduce the conjugate momentum operatorΠ(X), which satisfies the usual commutation relations withΦ(X). Note that in equations 3.21 and 3.22 we are considering the operatorΦ(X) as living in the boundary Hilbert space, which we may do whenever X is in the entanglement wedge of R [30] [31] [32] . The operatorsΦ,Π restricted to Σ form a basis of operators for the algebra on Σ. Thus there must be coefficients C(X, Y ) and D(X, Y ) such that
Taking expectation values of both sides withΦ andΠ, using expression 3.20 relating expectation values to commutators, and using the canonical commutation relations, we can determine the coefficients C, D in terms of two point functions,
This formula amounts to expressing the operatorΦ ω (X) in terms of the basis of operators {Φ(X),Π(X)}.
We would like to use the statement above to rewrite the modular frequency mode operator O ω appearing in expression 3.12 for χ n,z . Recall the extrapolate dictionary,
(3.25)
Equality of bulk and boundary modular flows implies
which integrated on both sides against e −isω leads to
Now we combine this statement with the change of basis 3.24 choosing the surface of integration Σ as the s = 0 slice of the entanglement wedge,
This expression will be key to obtaining a bulk dual for χ n,z .
4 The α-z divergences in holography 4.1 Bulk expression for the α-z susceptibilities
We're now ready to combine some of our results to determine a bulk expression for the susceptibilities. We start with 3.12, which we repeat here,
with F n,z (ω) given in equation 2.22. Now substitute for O ω using expression 3.28. This yields,
To complete our calculation we need to do the integrations over d d x and d d y. There are four of these, and we claim they are given as follows:
We derive each of these below. Recall expression 3.22 which said that,
Using expression 3.8 for the perturbation δ 1 ρ we have 6) which is integral 4.2. Taking a derivative on both sides we obtain the integral 4.3. The two remaining integrations involve the modular frequency modes of the boundary operator O(x), so we might expect these are related to the bulk modes Φ ω . These modes are defined by
which, using 3.8 again is just
Now we use the definition of the the modular frequency modes along with cyclicity of the trace to rewrite this in terms of the modes of the operator O,
The last equality is integral 4.4, while taking a derivative on both sides yields 4.5. Using 4.2-4.5 to do all the boundary integrations in 4.1, we arrive at
where, recalling 2.22 and 3.20,
Expression 4.10 gives the α-z susceptibilities purely in terms of bulk data, and constitutes the main result of this article. This expression is valid around any asymptotically AdS background and in any dimension. We can check that this recovers the usual relation [5, 18] between Fisher information and canonical energy when the modular flow is local and n = 1. For n = 1
Note also that, for a local modular flow,
where in the second line we've used that the modular flow is local, so that the s parameter is a coordinate. Then we have
For X on the slice Σ,
In the first equality we have used that the Σ slice is at s = 0. In the third equality dωΦ ω e isω has been replaced with Φ(X, s), which is true for local flows. Near the Σ surface we can define a vector field η which points in the direction of the s coordinate and is normalized such that
so that
A similar calculation yields
Using this in 4.10 with n = 1 we find
which is the usual expression for the canonical energy of a scalar field [33] . For α ≥ 2 and 0 < z < ∞, F n,z (ω) will always be a sum over real exponentials, so will have a Fourier transform consisting of a sum of delta functions with imaginary arguments. Consequently, the modular time expressions for χ n,z for n ≥ 2 will always involve analytically continuing the bulk fields to imaginary time. For example the α = 2 case corresponding to the collision relative entropy is
To write this as a modular time integral we take the Fourier transform of the sinh(2πω/z) function, 20) so that χ 2,z is expressed in terms of the bulk field Φ(X, s) evaluated at s = ±2πi/z. For this reason we have found it more convenient to express our results in the modular frequency domain.
Bulk metric perturbations
Our derivation of bulk expressions for the boundary susceptibilities has been carried out for an insertion of a scalar operator in the boundary path integral. The boundary scalar operator sources a bulk scalar field, in terms of which we were able to express the susceptibility. We could also have considered inserting the stress tensor in the boundary path integral, which sources a bulk metric perturbation. In this case we can follow a similar derivation to arrive at a bulk expression for the susceptibility in terms of the bulk metric perturbation. We begin again with the path integral states defined by equation 3.2. Work around a background metric G µν and consider some metric perturbation H µν . The bulk metric perturbation is sourced by an insertion of the stress tensor in the path integral, which leads to the state perturbation
From this we can define the modular frequency modes of the boundary perturbation,
Recalling expression 2.21 for the susceptibility in terms of the state perturbation,
we arrive at the gravity version of equation 3.12,
Next we need the gravity statement of our change of basis formula 3.24 and extrapolate dictionary 3.27. The extrapolate dictionary statement iŝ 24) while the change of basis formula takes the general form
Note that sinceĤ ab ,Π ab are symmetric in their indices we can take the two upper and two lower indices of C to be symmetric, and the same for D.
The coefficients C, D can be fixed using the relation between expectation values and commutators provided by equation 3.20, along with appropriate canonical commutation relations,
Applying also the extrapolate dictionary statement 4.24 we arrive at
Inserting this into expression 4.23 for the susceptibility,
Then, similar to the scalar case we use 
This reproduces our main result, expression 4.10, for state perturbations consisting of coherent excitations of the graviton field.
What happens away from integer α?
To find bulk expressions for the α-z susceptibilities we made use of the two equalities in expression 2.21. We noted there that the second equality is true only for certain parameter values. In particular we had that
when α ∈ N and z ≥ 0, and when α ∈ R and z ∈ {0, ∞}.
We considered the case of α ∈ N in sections 4.1 and 4.2. However, since our two alternative expressions in 2.21 are still true for the limiting cases z ∈ {0, ∞}, our main result 4.10 is still valid in those cases. To study these cases in more detail consider the values of iF α,z /n ω at z = 0, ∞,
By δ ω,0 we mean the Kronecker delta function. From these expressions, we get that
so that χ α,0 is trivial and the bulk dual of χ α,∞ occurs already within the integer cases. What about away from the parameter region where 2.21 is true? In general we have
Repeating the steps taken at the end of section 3 to write the susceptibility in terms of the time-ordered two point function, but using the above instead of 2.21 we find
We can now proceed as before, replacing O ω with a bulk integral according to equation 3.28. However, the appearance of the θ(x 0 E − y 0 E ) dependent exponential prevents the use of equations 4.2-4.5 to do the boundary integrals. So far we have not understood how to write the susceptibilities in terms of bulk data when this factor appears. It would be interesting to do so however, in particular since the fidelity occurs at z = α = 1/2 (outside our accessible region) and there are claims in the literature that the fidelity susceptibility corresponds to a bulk volume [6] .
A simple check: bulk statement of monotonicity in α
In this section we establish that our bulk expression for the susceptibilities satisfies Theorems 1 and 2 which express monotonicity in α, at least for perturbations around the vacuum. We find that this monotonicity property holds without any assumptions placed on the bulk classical field. Consequently, we view this as a check on our result 4.10, rather than as a constraint on bulk physics.
We will give the proof for a bulk real scalar field, although the proof strategy generalizes easily. We begin by noting that the bulk field Φ(X, s) satisfies the equation of motion,
We are interested in the bulk solution on the slice Σ, which we have chosen to correspond to s = 0. Since we are working with perturbations around the vacuum, the s coordinate corresponds to modular flow and
We can transform our bulk equation of motion then to the modular frequency domain, for which there will be solutions labelled by the frequency ω. Call these solutions Ψ ω (X). It is convenient to give these solutions a unit normalization,
A given bulk solution then is a linear combination of the modes Ψ ω ,
Taking a derivative with respect to s on both sides yields a similar statement for the conjugate momenta,
Now consider expression 4.10 for the bulk susceptibility. Using expressions 5.4 and 5.5 we arrive at
The spatial integration has been isolated to the final factor written in terms of the basis of solutions to the wave equation. Because Φ(X, s) is real and b(ω) is an arbitrary function, it follows that b † (ω) = b(−ω) and Φ ω (X) † = Φ −ω (X). Taking a complex conjugate of
we see that A * ω,ω = A ω ,ω , so that A ω,ω can be diagonalized. Using also the normalization 5.3 we have imposed on Ψ ω , we find A ω,ω = δ(ω − ω ). This leads to
Since b(ω) is arbitrary, we have that χ n,n ≤ χ n+1,n+1 is true if and only if 9) while the inequality for the Petz relative entropy amounts to 5 2ω
These results establish that checking monotonicity in α amounts to checking an inequality between universal functions, which are in particular independent of the bulk field configuration. We go through the needed argument for inequality 5.9; inequality 5.10 is similar. For 5.9, the explicit expression for n ≥ 2 is
We can rearrange this slightly and remove the common (everywhere positive) factor of 2ω(e 2πω − 1) to obtain the equivalent inequality n n − 1 sinh(
.
(5.12)
To prove 5.12, we start by defining the function
We can show this function is increasing with n for ω > 0 and decreasing with n for ω < 0. We let u = (n − 1)/n and take an n derivative using the chain rule
(5.14)
Define v = πuω so that
(5.15)
From the Taylor expansion it is straightforward to check that [v cosh(v) − sinh(v)] has the same sign as v = πuω , so that f (n, ω) is increasing in n for ω > 0 and decreasing in n for ω < 0 as claimed. Now focus on the ω > 0 case. We have that
Also for ω > 0 we have
Dividing inequality 5.16 by 5.17 we get the needed inequality 5.12. For ω < 0 the inequalities are reversed in 5.16 and 5.17, but both sides of 5.17 are negative so dividing yields 5.12 again.
It is necessary to check the n = 1 case separately by taking the n → 1 limit in expression 5.9, but this is straightforward. Inequality 5.10 is handled similarly.
Discussion
Our goal has been exploratory: Identify any interesting gravitational quantities still hidden in the entropy zoo. While working perturbatively around an arbitrary reference state, we have determined bulk expressions for the α-z divergences up to second order whenever α is an integer, as well as the limiting cases of z ∈ {0, ∞} for all α ∈ R.
Our approach combines entanglement perturbation theory, as used for instance in [18] , with the modular extrapolate dictionary [14] . Doing so, we offer a simpler derivation that boundary Fisher information is bulk canonical energy. However, we made use of the equality of bulk and boundary modular flows which is a stronger assumption than used by previous authors. In addition to simplifying the argument showing canonical energy equals Fisher information, the stronger assumption allowed us to establish bulk duals of a larger class of objects and to work around an arbitrary background.
There are a number of directions one could take these results. First, the non-integer α and finite, non-zero z case is awaiting resolution. Of particular interest is the α = z = 1/2 case corresponding to the fidelity. It has been argued that the fidelity susceptibility corresponds to the volume of a bulk Cauchy slice [6] , and it would be interesting to give a derivation of the bulk dual of the fidelity susceptibility so as to check this expectation.
There is an active line of research in translating constraints on information theoretic quantities into gravitational constraints [5, [34] [35] [36] [37] [38] [39] [40] . One natural question to explore is if the α-z divergences provide additional independent constraints on gravitational physics. We have already studied the montonicity in α properties of the α-α and α-1 divergences, but these turned out to be satisfied by any solution to the bulk equation of motion. However there are additional properties of the divergences that could be studied. For instance it would be interesting to understand the gravitational consequences of the α-z divergences being monotonic under the partial trace 6 .
A related direction would be to study black hole thermodynamics in light of our bulk expressions for the α-z divergences. Those α-z divergences which obey the data-processing inequality provide constraints on state transitions that generalize the usual second law of thermodynamics [41] . For out of equilibrium systems, this set of constraints is stronger than the single constraint provided by the second law. The possibility of using the AdS/CFT correspondence to translate these additional constraints to statements in black hole thermodynamics has been considered before [20] . Our expression 4.10 seems well suited to this purpose, as it allows the calculation of many different divergences for any given bulk solution in any dimension, including black hole solutions.
From a more general perspective, the combination of entanglement perturbation theory and the modular extrapolate dictionary proved a powerful approach to studying the bulk duals of entropic quantities. It would be interesting to apply this same approach to other problems in entanglement perturbation theory. For instance, one could use this approach to study the relative entropy perturbatively to third or higher order.
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A Eigenvalue expansion of the α-z divergence Given a reference state σ and another state ρ( ) which is perturbatively close to σ,
we quoted in the main text the expression 2.9, which gives the second order term of the α-z divergence in terms of the eigenvalues of the reference state and matrix elements of the perturbation.
In this appendix we outline the derivation of that result. First, recall the identities:
We can combine these to take derivatives of powers of density matrices,
Second derivatives can be handled by using the product rule and continued application of our identities. To expand the α-z divergences define the object
Since (ρ α,z )| =0 = σ 1/z , and tr(σ) = 1, one can check that
We can take this second derivative of a matrix power by repeated application of the identities A.2 and A.3. At each use of either of the matrix identities, we introduce an additional integration parameter. Our final expression involves 12 integrals, 8 from uses of A.2 and 4 from uses of A.3. We find an expression which is bilinear in the first order perturbation,
The form of the functions of operators A, B can be worked out explicitly by carrying through the application of identities A.2 and A.3. It's possible to do the x i and s i integrals. We consider the identity operator
where the states |σ a form an eigenbasis of σ, so that σ|σ a = σ a |σ . Insert this identity operator in A.8 twice to find
(A.10)
Now the integrals over the operator valued functions A, B are just integrals over ordinary functions and can be done explicitly. The result is
as quoted in the main text. As a check, we can take the limit as α = z → 1 to find
This expression agrees with [18] (see their equation B.6 7 ), where they used this to relate Fisher information and canonical energy.
B Determining whereF α,z (s) is even
Recall that we definedF
where
7 They used a discrete sum over eigenvalues of σ where more properly they should have an integral, as we used here. The distinction becomes important in treating the modular frequency transformation, in particular the Dirac delta function appearing in 2.14 only makes sense inside an integral over eigenvalues.
We would like to understand where in the α-z parameter spaceF α,z (s) is even. We prove here thatF α,z (s) is even when α is an integer and z ≥ 0, and for α ∈ R when z ∈ {0, ∞}. From B.2 it follows that F α,z (−ω) = e 2πω F α,z (ω). This gives
Its possible to do the dω integral by closing the contour in a semicircle at infinity, either in the upper or lower half plane depending on the sign of s. From B.2, we see that F α,z (ω) has poles at
There are a few cases to consider.
Case 1: 0 < z < ∞ and z is irrational
There are only first order poles. The integral in equation B.3 is a sum over residues,
(B.5)
We can see that if α ∈ N the residues from the poles at inz are zero. Only the poles at ω = in contribute. In that case, the factor of e 2πω = e 2πin is always 1, so we can leave it out of the integral,
Case 2: 0 < z < ∞ and is rational
There will be double poles coming from ω = in = imz for z = n/m, as well as additional simple poles. For the simple poles the same argument as in case 1 shows that when α is an integer we may ignore the factor of e 2πω in B.3. The double poles contribute the following sum of residues to the contour integral,
(B.7)
If the e 2πω had not been present, the contribution would have been z 1 − α n,m e 2πω ∂ ω ((1 − e 2πωα/z )(1 − e 2πω 1−α z )) | ω=imz=in .
We can see that these coincide when z = imz = in, since then the first term in equation B.7 is zero and in the second we have again e 2πin = 1. which establishes that F α,z (ω) becomes a Kronecker delta function for z → 0. ThenF α,z (s) vanishes and so is even. Note that in this z → 0 case we do not need α to be an integer, but sinceF α,z (s) = 0 we have that χ α,0 = 0, so this case is trivial. we see that F α,∞ (ω) has poles only at ω = in, n ∈ N, so thatF α,∞ (s) is even. Finally, note that for D α,z (ρ||σ) to be a divergence we need z ≥ |α − 1| ≥ 0, so these four cases are comprehensive.
C Equality of bulk and boundary divergences
The α-α divergences and α-1 divergences have operational meanings in terms of quantum hypothesis testing [42] . Roughly speaking, they measure how difficult it is to distinguish the density matrix ρ from the density matrix σ. Given this operational meaning and the notion of subregion-subregion duality in AdS/CFT, we might expect that the α-z divergences in the bulk and boundary are equal,
where R is a boundary subregion and W is the corresponding bulk entanglement wedge. The above was already argued for by JLMS [15] in the special case where α = z = 1. We can verify that the more general statement C.1 is indeed the case, at least under certain assumptions on the relation between ρ and σ. First suppose that we have two states ρ, σ which we assume share an area operator,
Recall also that these expressions should be understood inside of expectation values. Consider the definition of the α-z divergence, R . Writing ρ = e −Hρ R , σ = e −Hσ R and using C.2 we can relate this to the bulk divergence. Because the area operator commutes with the modular Hamiltonians of both ρ and σ, we can collect all the factors withÂ and find that they cancel. We are left with the result that
which reduces to the JLMS result for α = z = 1. There is another way to arrive at the same result which we find appealing. In the understanding of entanglement wedge reconstruction in terms of quantum error correction, Harlow [43] argued that the bulk and boundary density matrices are related according to
where R labels the subregion being considered, ρ R is the boundary state, and U is a unitary. The density matrices ρ α are not individually normalized but satisfy α tr(ρ α ) = 1. The state
is the bulk density matrix, while the χ α fix the area term in the Ryu-Takayanagi formula. In this language, two boundary states having the same area operator means they share the χ α 's,
Then, we can apply the axioms that define a divergence to show that D(ρ R ||σ R ) = D(ρ W ||σ W ). We give the steps below, indicating which of the axioms from section 2 or definitions from this section we use at each stage. Since there may be quantum divergences which are not α-z divergences, this proof is more general than the one using the relation between bulk and boundary modular Hamiltonians.
